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We have developed a network of pipes of dendritic geometry in a solar collector with a disc-shaped body.
The fluid in the network pipes is a nanofluid composed of a mixture of nanoparticles of alumina (Al2O3)
and water as a base fluid in order to harvest a greater amount of thermal energy from incoming solar
radiation. The sizes of the network pipes are obtained by using constructal theory methods. Thermal con-
ductivity was obtained by the Hamilton-Crosser model; physical properties such as density and specific
heat capacity were described as a function of the volumetric fraction of nanoparticles in the fluid. Optimal
size of the network presented for every level of construction was established by the condition of minimal
thermal resistance. Temperature profiles and the aspect ratio of the construction elements were defined
as a function of the volumetric fraction of nanoparticles. Results show that by increasing the volume frac-
tion of nanoparticles, thermal energy gain also increases, reaching a higher outlet temperature of the fluid
when alumina nanoparticles are used.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

The increase in world energy demand and the progressive
depletion of fossil fuels necessitate the development of technolo-
gies based on alternative energy sources. Solar energy is widely
used for heating water for domestic and industrial purposes
through solar collectors (Kalogirou, 2004). Solar collectors are clas-
sified as low temperature devices with operation ranges of 20–
150 �C. The flat-plate solar collector is the most widely used. The
working fluid flowing in the pipe network is generally water. It is
possible nowadays to use, as a working fluid a colloidal suspension
with nano-sized solid particles (1–100 nm). Such suspensions are
composed of metal particles (oxides) dispersed uniformly, and a
base fluid. This combination can present higher thermo-physical
properties, such as thermal conductivity values superior to con-
ventional working fluids like water; these particular features are
used to improve heat transfer processes (Puliti et al., 2012).

The modification of the thermal properties of a colloidal sus-
pension is possible by adding nano-sized metal particles in a base
fluid. The resulting fluid is known as a nanofluid (Buongiorno et al.,
2009; Keblinski et al., 2005). The increase of thermal conductivity
is due to physical factors such as the Brownian movement of par-
ticles in the fluid, a liquid layer at the liquid-particle interface,
nanoparticle clustering and concentration of the nanoparticle in
the base fluid (Angayarkanni and Philip, 2015; Keblinski et al.,
2002). Theoretical and experimental work on the thermal and rhe-
ological properties of nanofluids, for different particle materials, is
reported mainly in fluid mixtures with oxide particles in convec-
tive heat transfer processes (Buongiorno, 2006; Daungthongsuk
and Wongwises, 2007; Ghanbarpour et al., 2014). The particular
thermal properties of these fluids represent an option for the
design of cooling systems in electronic, aerospace and automotive
industries through the design of microchannel devices (Chen and
Ding, 2011; Khaleduzzaman et al., 2014; Koo and Kleinstreuer,
2005), in designing techniques of drug delivery in the human body
(Abbasi et al., 2015; Kleinstreuer et al., 2008), heating, ventilation
and air conditioning systems (Hatami et al., 2017), refrigeration
systems (Sözen et al., 2014) and optical filters for thermo-
photovoltaic solar systems (Taylor et al., 2012). A numerical study
for a solar collector with a nanofluid as a working fluid is reported
by Nasrin and Alim (2014), identifying the influence of the charac-
teristic dimensionless numbers of the problem as a factor to
improve the efficiency collector. Experimental nanofluid applica-
tions in conventional flat-plate solar collectors are reported widely
by Sarsam et al. (2015), where the main topic is the improved effi-
ciency and performance.
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Nomenclature

A area of the semi-circular sector (m2)
C specific heat capacity (J/kg K)
D diameter (m)
H height of the constructal element (m)
k thermal conductivity
L length of the constructal element (m)
R radius (m)
t physical time (seg)
V volume of the constructal element (m3)
w width of the constructal element (m)
_q heat flux (W/m2)

Greek symbols
x frequency of the solar signal (1/seg)
/ volumetric fraction of the particle
q density (kg/m3)

Subscripts
p particle
f fluid
nf nanofluid
0 refers to the first construction
1 refers to the first level ramification
2 refers to the second level of ramification
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Applications of nanofluids in thermal systems are reported
mainly to improve the performance of the heating systems. Lu
et al. (2011) conducted an experiment of an open thermosyphon
applied in an evacuated tubular solar heating system with an
evaporator tube and two working fluids, deionised water and a
water-based copper oxide nanofluid in order to evaluate the ther-
mal performance of the system under steady operative conditions,
such as pressure and temperature under indoor conditions. The
point of operation of heat transfer enhancement of the system
was found for a specific value of the mass concentration of the
nanoparticles.

The heating system mentioned previously established the
experimental conditions for an outdoor experiment applied to a
simplified compound solar concentrator as a solar air collector
with the same working fluids. The main results are efficiency
improvement with a nanofluid with the mass concentration deter-
mined previously (Liu et al., 2013). These works provide important
information about the experimental procedures in collector sys-
tems and demonstrate the existence of an optimal point of opera-
tion for a thermal system for a specific value of the concentration
of nanoparticles in a fluid base.

The design of nanofluids with suitable thermo-physical proper-
ties (high thermal conductivity) will allow the design of efficient
systems for heat removal, miniaturisation of the devices and the
consequent energy savings (Godson et al., 2010).

The constructal theory, proposed by Bejan (2000), develops
transport networks to imposed physical flows (heat, fluid) with
the principal characteristic of obtaining a minimal resistance to
flow, under local restrictions, that satisfy a main objective. The
design methodology allows networks with different geometrical
configurations (shape and structure) to have optimal transporta-
tion between a point and an infinite number of points, area or
volume.

In an effort to apply the constructal theory to designing
nanofluids, Fan and Wang (2010) report the microstructure of a
single nanoparticle immersed in the base fluid, which is defined
by the minimal thermal resistance. The elemental system is a
nanoparticle with a source of uniform heat in a disc-shaped ele-
ment; the particle is defined as plates of slabs of a thermal conduc-
tivity value, higher than the base fluid. The system optimisation is
determined by the freedom within the three-shaped
nanostructures.

On the other hand, Bai and Wang (2011) developed the expres-
sions for the thermal resistance of constructal building blocks com-
posed of a base fluid and nanoparticles with blade configuration.
The constructal theory is applied to describe the optimal shape
for the blades, cylinder-shape and prism-shape of the particle, that
offers minimum thermal resistance. Both studies focus on the
design of the microstructure of the nanoparticle from the princi-
ples of optimisation of the constructal theory. The same group
developed the design of the microstructure of a nanofluid by com-
paring two geometric configurations—quasi-rhombus and quasi-
sector shapes—identifying a proper nanofluid configuration for
better heat transfer performance (Bai and Wang, 2013). An impor-
tant parameter for increasing the thermal conductivity of a nano-
fluid is the geometry of the particle. This aspect is considered as
a shape factor in theoretical models.

In the present work we develop a pipe network with a dichoto-
mous branching characteristics following the constructal methods
by treating the nanofluid as a medium that flows to remove heat in
a disc-shaped body system. The nanofluid properties such as ther-
mal conductivity, density and specific heat capacity are modelled
as a function of the physical properties of the alumina nanoparti-
cle, water as a base fluid and volumetric fraction.
2. First element or construction

The first element of construction takes into account the physical
and geometrical variables and considers the finite size volume that
is initially found at a uniform temperature T0. This element is a
semi-circular sector with area A0 and volume V as constants, which
are local constraints. These assumptions are the restrictions that
are frequently assumed by the constructal theory. The solar inci-
dent area is given by A0 � H0L0, where the height and length of
the disc-shaped body are unknown and determined from the opti-
misation process.

The constructal theory considers the total volume of the pipe
network system as a building block of elements, optimised in
shape and form; the optimisation process begins with the first ele-
ment of construction (Wechsatol et al., 2002). Fig. 1 provides a
sketch and the dimensions of this first element.

The top of the element is separated by an infinitesimal wall
with negligible thermal conductivity. In the transverse direction,
at y ¼ H0, the element receives the solar energy; the limits of the
constructal element are at temperature Tm. For simplicity, we con-
sider that the warming effect of air trapped in the cavity comes
from the signal _q ¼ _q0sinðxtÞ, where _q0 is the reference amplitude
of this periodic heat flux for the present system,x is the frequency
of the solar signal and t is the physical time. The space between the
surface exposed to solar radiation and the pipe of diameter D0 is
considered a cavity filled with air at temperature Tc.

Inside the pipe, a nanofluid is circulating in the x direction in a
steady-state regime. This hypothesis is justified below. The nano-
fluid flow is considered Newtonian and fully developed, and is con-
sidered to be stable (no chemical reactions) with nanoparticles of



Fig. 1. First element of construction.
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uniform size and in thermal equilibrium. The value of viscosity of
the nanofluid is assumed as constant and equal to the base fluid.

The fluid flows from the periphery to the centre of the semi-
circular sector. The nanofluid enters at temperature T0 and leaves
the element at a higher temperature Tout due to the heating pro-
cess. The last temperature is unknown and must be determined
as part of the problem, together with the lengths H0 and L0. The
angle a of the circular sector is given by a ¼ 2p=n0, where n0 is
the number of pipes of diameter D0 that transports a fluid to the
centre of the constructal element; for the case of a Newtonian fluid
with the minimum flow resistance, the minimum number of pipes
is n0 ¼ 3 (Wechsatol et al., 2002).

In order to describe the thermal conductivity of the nanofluid,
we propose a variant of the Maxwell model, known as the
Hamilton-Crosser model (Hamilton and Crosser, 1962), which is
a function of the thermal conductivities of the particle, base fluid,
volumetric fraction and shape factor n. For a spherical particle it
presents a value of n ¼ 3; for a cylindrical particle the shape factor
is n ¼ 6. The model mentioned above is given by Eq. (1):

knf ¼ kp þ ðn� 1Þ � ðn� 1Þðkp � kf Þ/
kp þ ðn� 1Þkf þ ðkp � kf Þ/ kf ; ð1Þ

where kp, kf are the thermal conductivities of the particle and the
base fluid, respectively, and / is the volumetric fraction of the
nanoparticles.

The density and specific heat capacity of the nanofluid are
defined as a function of the volumetric fraction, properties of the
particle and the base fluid (Drew and Passman, 1999). The expres-
sions of the previously mentioned properties are defined as

qnf ¼ /qp þ ð1� /Þqf ; ð2Þ
ðqCPÞnf ¼ ðqCpÞp/þ ð1� /ÞðqCpÞf : ð3Þ
Properties of the alumina (Al2O3) and water as a base fluid are

assumed as constants; the values are widely reported by Büyük
Öǧüt (2009). For a volumetric fraction less than or equal to 0:04,
the nanofluid is categorised as semidiluted (Puliti et al., 2012).
For this value of volumetric fraction, the mixture alumina water
presents Newtonian behaviour (Putra et al., 2003). From Eqs. (1)–
(3), for a null value of the volumetric fraction (/ ¼ 0:0) the base
fluid properties are obtained.
3. Mathematical model

Optimisation of the first constructal element begins with a def-
inition of the temperature profiles, in the vertical (air) and horizon-
tal (fluid) directions. It is known that in a cavity filled with air, the
heat transfer processes in a slender cavity are governed only by
accumulation and diffusive terms of the energy equation because
the convective terms are of the order of the Rayleigh number
(Bejan, 2013). In the slender cavity of the first element, we assume
that H0 � L0. With this scale we consider, as a first approximation,
that the heat transfer is dominated only by a conductive heat
transfer regime with the objective of applying the constructal
methods. The characteristic time scale is given by 1=x [s] and is
defined by comparing the residence time of the fluid in the pipe
of diameter D0 and the inverse of the frequency of the sinusoidal
solar signal described above.

From an energy balance we can define the differential partial
equation in the cavity filled with air:

sinðxtÞ þ kairw
_q0

@2Tc

@y2
¼ qCPw

_q0

@Tc

@t
: ð4Þ

The following dimensionless variables are used to simplify the
number of physical parameters involved:

v ¼ x
L0

;g ¼ y
H0

; hc ¼ Tc � T0

DT
; hf ¼ Tf � T0

DT
s ¼ xt; ð5Þ

where DT ¼ Tm � T0. Then, Eq. (5) can be rewritten as,

sinðsÞ þ a
@2hc
@g2 ¼ b

@hc
@s

; ð6Þ

where b ¼ qCPDTwx= _q0 � 10�6, and therefore, the energy accumu-
lation term can be neglected. Thus, a quasi-stationary state is
assumed. The boundary conditions to solve Eq. (5) are the
following;

g ¼ 0 : hc ¼ hf ðv ¼ 1Þ;g ¼ 1;
@hc
@g

¼ 0: ð7Þ

The solution of the Eq. (6), subject to boundary conditions, can
be obtained and is given by:

hcðgÞ ¼ sinðsÞ
a

g� g2

2

� �
þ hf ðv ¼ 1Þ: ð8Þ
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Similarly, we can carry out an energy balance in the pipe region,
taking accumulative, conductive, convective and radiative energy
terms into account, resulting in dimensionless units in the follow-
ing partial equation:

anf

Pe
e0

@2hf
@v2 � 4

3
@hf
@v þ �

@hf
@s

þ 4anfc0
Pe

sinðsÞ ¼ 0; ð9Þ

where � ¼ xL0=Uprom � 10�8, and the accumulation term can be
neglected. Thus, a quasi-stationary state is assumed for the circulat-
ing nanofluid, and the dimensionless parameters in Eq. (9) are
defined as follows: e0 ¼ D0=L0, c0 ¼ _q0L0=DTknf , Pe ¼ UavD0=af ,
where Pe represents the Peclet number defined with an average
velocity Uav , related to the characteristic velocity of the fluid and
the pressure gradient.

Eq. (9) takes into account that the transverse temperature vari-
ations are smaller than the horizontal temperature variations. As a
first approximation, the temperature of the fluid is a function only
of the longitudinal coordinate x; that is, T ffi TðxÞ. This is a thin-fin
approximation used in constructal theory procedures for mod-
elling heat transfer thermal cases (Bejan, 2000). In addition, in
Eq. (9) we consider that for the infinitesimal surface that separates
the cavity from the fluid trapped in the pipe, the boundary condi-
tion hðTsur � T0Þ ¼ �kað@Ta=@yÞjy¼R0

is fulfilled. This allows the heat
transfer process between the cavity and the nanofluid as a first
approximation to implement the constructal optimisation meth-
ods to design pipe networks. This formulation enables us to inter-
pret the radiative signal as a warming effect of air trapped in the
cavity from the signal _q ¼ _q0sinðxtÞ, which is an approximation
of the radiation energy.

The boundary conditions to solve Eq. (9) are the following:

v ¼ 0 : hf ¼ 0;v ¼ 1;
@hf
@v ¼ 0: ð10Þ

The solution to Eq. (9) subject to the boundary conditions, Eq.
(10), can be obtained and is given by:

hf ðvÞ ¼ 9
4
sinðsÞ c0e0a

2
nf

Pe2
exp �4

3
Pe
e0anf

� �
1� exp

4
3

Pe
e0anf

v
� �� �

þ 3c0anf

Pe
sinðsÞv; ð11Þ

where anf is the thermal diffusivity as a function of the volumetric
fraction /, defined with Eqs. (1)–(3).

The temperature profile in the longitudinal coordinate, for high
values of the Peclet number, Pe � 1, the first term of Eq. (11) tends
to be zero; thus we can approximate the temperature profile to a
linear behaviour, as follows:

hf ðvÞ � 3c0anf sinðsÞv=Pe: ð12Þ
The simplification of the temperature profile in direction x

more easily defines the temperature differences in the first con-
structal element and the average Nusselt number evaluated
along the longitudinal direction. The heat transfer process
between the wall of the pipe and the fluid is considered by
the average Nusselt number based on the assumption that the
convective heat transfer coefficient is a function of longitudinal
coordinate hðxÞ.

The wall temperature hw, is calculated by the Eq. (8) at g ¼ u0,
ðy ¼ R0Þ; the heat transferred from the cavity to the fluid is defined
as _q ¼ _q0 sinðxtÞ ¼ hðxÞðTw � TðxÞÞ. On the other hand, the Nusselt
number is defined as Nu ¼ hðxÞx=knf , such that with the aid of the
Eq. (13), we can define an expression of the average Nusselt num-
ber, evaluated along the longitudinal axis of the pipe. This expres-
sion, in dimensionless variables, is given by:
Nuav ¼ Pe2

9c0a2
nf

1
a

u0 �
u2

0

2

� �
þ 3

anfc0
Pe

� �
ln 1þ 6anfc0a

Peð2u0 �u2
0Þ

� �
� Pe
3anf

ð13Þ
where u0 ¼ R0=H0 is a geometrical parameter.

The temperature difference of the first element of construction
is defined in a vertical and horizontal direction with the aid of the
Eqs. (8) and (12)–(14). The first temperature difference is in the
case of the cavity filled with air, evaluating from the farthest point
from the pipe, at g ¼ 1ðy ¼ H0Þ and the wall temperature at
g ¼ u0ðy ¼ R0Þ; the second temperature difference is defined by
the temperature of the fluid at the inlet of the pipe at
v ¼ 0; ðx ¼ 0Þ and at the temperature at the outlet v ¼ 1; ðx ¼ L0Þ.
The third temperature difference is defined with the aid of the
Eqs. (12) and (13); the expressions defining the total temperature
difference in the constructal element are given by;

hm � hw ¼ sinðsÞ
a

1
2
ð1þu2

0Þ �u0

� �
; ð14Þ

hf�out � hf�in � 3c0anf sinðsÞ
Pe

; ð15Þ

hw � hf�out ¼ c0sinðsÞ
Nuav

: ð16Þ

The methodology to define the thermal resistance in constructal
elements is widely documented by Wechsatol et al. (2002), for the
case of a semi-circular sector with a radial pipe, where a nanofluid
flows from the periphery to the centre and is defined aseT 0 ¼ ðhm � hf�inÞkairDT= _q0A

1=2
0 . From algebraic simplifications we

can define, with the aid of the Eqs. (14)–(16), an expression for
the thermal resistance of the first element, given by;

eT 0 ¼ P0
bH0

1
2
ð1þu2

0Þ �u0

� �
þ 3janfbH0Pe

þ jbH0Nuav

" #
sinðsÞ; ð17Þ

where P0 ¼ H0=w, bH0 ¼ ðH0=L0Þ1=2, are geometrical parameters. In
addition, j ¼ kair=knf ; the thermal conductivity of the nanofluid,
knf is defined by the Hamilton-Crosser model.

Eq. (18), defines the thermal resistance of the first element of

construction. This equation is a function of the aspect ratio bH0

and represents the size of the element. From the initial assump-
tion, the geometry of the first element is slender and it is expected
that the value of the aspect ratio will be small. We anticipated that
the aspect ratios for every level of construction of the pipe network
would be small, as shown in the results section. The expression for
the thermal resistance presents a minimum, and is shown below:

bH0 ¼
3janf
Pe þ j

Nuav

P0
1
2 ð1þu2

0Þ �u0

� 	" #1
2

: ð18Þ
4. Second and third construction

A branched network is generated inside the solar collector of a
disc-shaped body of radius R, and a second construction is defined
as two semi-circular slender building blocks, with pipes of diame-
ter D1, which connects with the pipe of diameter D0 of the first con-
structal element, this is designate as a first level of ramification.
The dichotomy of tubes is a characteristic of the network of pipes
and the flow architecture is a result of the constructal methods of
optimisation. The bifurcation of pipes in every level of ramification
makes the connection of many points in the periphery to one point
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in the path of least flow resistance (Bejan, 2000). In the method of
constructal theory to design networks, the Hess-Murray law has
been demonstrated; to minimising the flow resistance in a
branched (dichotomy) network with a Newtonian fluid, the men-

tioned law is given by Di=Diþ1 ¼ 21=3, where i is the ramification
level (Miguel, 2015). A flow structure with dichotomy characteris-
tics is assumed in every level of ramification. In this work we
applied this law to the second and third construction.

In the second element of construction, the restrictions of area
and volume are applied. According to the constructal method,
the lengths H1 and L1 are unknown. The process of optimisation
applied in the first constructal element is recursive to successive
branches. Fig. 2 provides a sketch and the dimensions of this sec-
ond element of construction.

The temperature profiles for the ramified pipe of the second
construction are obtained with the methodology applied in the
previous section. In order to describe the temperature increase
due to the solar collection with a branched network, we consider
that the outlet fluid temperature of the pipe of diameter D1 is
the same for the inlet fluid temperature in the pipe of diameter
D0. This is considered in the respective boundary conditions of
the differential equation for the fluid temperature profile of the
pipe of diameter D0. The fluid flows from the periphery to the cen-
tre of the semi-circular sector along the branched pipes. In the geo-
metrical arrangement of a Y-shape with two L1 pipes and one L0
pipe, the lengths can be defined as a function of radius of the
disc-shaped body R and the angle of bifurcation b; the lengths
are easily defined as:

L0 ¼ Rcos
a
4


 �
� L1 cosðbÞ; L1 ¼ R

sin a
4

� 	
sinðbÞ : ð19Þ
Fig. 2. Second elemen
Optimal lengths are defined, minimising the pressure drop
between the periphery and the centre, with a constant volume of
the arrangement of pipes as a restriction. The Hess-Murray law is
considered in the previous restriction. Angle a is known and
defined by n0, defined in the first constructal element. The calcu-
lated angle b, which has a minimum flow resistance, is
b ¼ 37:46� (Wechsatol et al., 2002).

These lengths are considered in the longitudinal temperature
profiles of the first and second constructal elements; consequently,
the average Nusselt number, thermal resistance and aspect ratio
can be obtained by applying the method described in the previous
section. The thermal resistance of the second constructal element
is defined by the following expression:
eT 1 ¼ P1
bH1

1
2
ð1þu2

1Þ �u1

� �
þ 2

1
3
3janfbH1Pe

þ jbH1Nuav1

" #
sinðsÞ:

ð20Þ
Therefore, the aspect ratio of the second constructal element,bH1 is given by;
bH1 ¼
3janf
Pe þ j

Nuav1

P1
1
2 ð1þu2

1Þ �u1

� 	
24 351

2

ð21Þ

On the other hand, for a third constructal element the geomet-
rical arrangement of pipes consists of four pipes of diameter D2 and
length L2, two pipes with diameter and length D1, L1 and one pipe
of diameter and length D0, L0. The optimisation process is applied
t of construction.



Fig. 4. Temperature profile in the longitudinal direction v.
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in the same manner as the previous constructal element. The
branched network with two levels of ramification can be appreci-
ated in Fig. 3.

The lengths of the pipes array can be defined by the following
relations:

L0 ¼ R cos
a
8


 �
� sin a

8

� 	
tanðcÞ

� �
cos

a
4


 �
� sin

a
4


 �
tanðbÞ


 �
; ð22Þ

L1 ¼ R
sin a

4

� 	
sinðbÞ cos

a
8


 �
� sin a

8

� 	
tanðcÞ

� �
; ð23Þ

L2 ¼ R
sin a

8

� 	
sinðcÞ : ð24Þ

From the minimum resistance of the flow of the arrangement of
pipes and a volume restriction with consideration of the Hess-
Murray law, the angles that have a minimum flow resistance are
c ¼ 38:096� and the value of the angle b is the same as that
obtained in the second level of ramification. The optimal lengths
are considered in the temperature profiles, Nusselt number and
thermal resistances, and the aspect ratio of the third construction
is obtained.
5. Results

The temperature profiles and the thermal resistance for the
nanofluid circulating into the pipe of the first constructal element
are shown in Figs. 4 and 5. In the following figures, we use the fixed

values of _q0 ¼ 100 W=m2, bH0 ¼ 0:01, Pe ¼ 100 and a dimensionless
time s ¼ 1:57. This time corresponds to the maximum amplitude
of the solar sinusoidal function. The thermophysical properties of
the alumina (Al2O3) and base fluid are taken from Büyük Öǧüt
(2009) and given in Table 1.

In Fig. 4, we show the dimensionless temperature hf versus the
dimensionless coordinate v for different values of the volumetric
Fig. 3. Ramified network with
fraction; for / ¼ 0:0 the base fluid (water) case is obtained. The
outlet temperature at v ¼ 1, for a volumetric fraction of / ¼ 0:04,
presents a higher value. This effect is due to the change in the ther-
mal properties of nanofluid.

From the horizontal and vertical, we define the thermal resis-

tance eT 0. It is possible to obtain the value of the aspect ratio bH0,
given by Eq. (18); in Fig. 5, we can observe that the thermal resis-

tance presents a minimum, bH0 ffi 0:007, for values of the volumet-
ric fraction between / ¼ 0:0 and 0:04. This shows that the
geometry of the first constructal element is slender, as required
by the constructal theory.

For a volumetric concentration of / ¼ 0:04, average Nusselt
number present lesser values compared with the values of the
Nusselt number for a null volumetric concentration. This
two levels of ramification.



Fig. 5. Thermal resistance versus aspect ratio.

Table 1
Thermo-physical properties of base fluid and nanoparticles.

Property Water Al2O3

q [kg/m3] 997.1 3970
CP [J/kg K] 4179 765
k [W/m K] 0.613 40

Fig. 7. Thermal resistance of the first constructal element.
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behaviour is interpreted as follows, for a volumetric concentration
value of / ¼ 0:04 the nanofluid thermal conductivity is increased
and is greater than fluid base thermal conductivity, a lower average
Nusselt number along the pipe in the first construction means that
the conductivity heat transfer process is greater than convective
process. The dimensionless average Nusselt number for the first
construction is shown in Fig. 6.

The thermal resistance of the first constructal element, eT 0,
tends to decrease as the dimensionless Peclet number, Pe,
increases, as can be seen in Fig. 7; an increase of the Pe means that
the velocity in the pipe of diameter D0 increases. In the same man-
ner as in the calculation of the average Nusselt number, the expres-

sion of the aspect ratio bH0 is used. The influence of the volumetric
fraction of the nanoparticle in the base fluid is reflected with a
minor value of the thermal resistance for a value of the volumetric
fraction / ¼ 0:04; thermal resistance is calculated for a time when
Fig. 6. Nusselt number for the first constructal element.
solar radiation is the highest, according to the sinusoidal model
proposed for the incident radiation on the constructal element. It
can be established that by modifying the thermal conductivity of
the fluid by increasing the volume fraction of the nanoparticles, a
lower heat resistance is obtained in comparison with a volume
fraction / ¼ 0:0, corresponding to the thermal conductivity of the
base fluid.

In the following figures, the results of the branched network of
pipes with two levels of ramification are shown; the dichotomous
characteristic of the pipes follows the Hess-Murray law for the flow
of nanofluid in the pipes. The increment of the dimensionless tem-
perature hf along the dimensionless longitudinal length v in the
different pipes of diameters D0;D1 and D2 for one branch of each
level of ramification, is shown in Fig. 8. The temperature profiles
present an increment of temperature for every level of ramifica-
tion; the dimensionless temperature at the outlet of the last con-
struction element is higher than the previous construction for
values of the volumetric fraction of / ¼ 0:04; the dimensionless
temperature presents a similar behaviour of the first constructal
element and the temperature is higher than the case of volumetric
fraction of / ¼ 0:0.

The geometric configuration of the pipe network covers more
area of the semi-circular disc shape body exposing the nanofluid
flow in the pipes and increase the heat gains due to the solar
Fig. 8. Longitudinal temperature for different branched levels of the pipe network.



Fig. 10. Average Nusselt number for two levels of ramification.

Fig. 11. Equivalent thermal resistance versus Peclet number for different levels of
ramifications.
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exposition. The lengths defined in Eqs. (21)–(23) are considered in
the calculation of the following results.

The aspect ratio of every level of ramification can be calculated,
following the methodology applied to the first construction. In

Fig. 9 the curves of the thermal resistance eT i versus aspect ratiobHi for the two volumetric concentrations are shown. For a null vol-
umetric concentration value, correspond to the base fluid, aspect
relation values are shown in Fig. 8a, for the first constructal ele-

ment the aspect ratio is bH0 ffi 0:07, for first ramificationbH1 ffi 0:09 and second ramification bH2 ffi 0:03, that corresponding

to minimum values of thermal resistance eT 0 ffi 1:0, eT 1 ffi 1:1 andeT 2 ffi 0:25; respectively.
In Fig. 9b corresponding to a volumetric concentration of

/ ¼ 0:04, aspect ratio values are similar to the previous case
showed in Fig. 9a, for these values thermal resistance shows lower
values for every level of ramification. The values of the aspect ratio
of every level of ramification are less than unity, considering the

definition of bHi as a geometrical parameter in thermal resistance
expression, this means that constructal elements composing the
branched network are of a slender geometry.

For a volume fraction of / ¼ 0:04 the constructal elements are
smaller than the dimensions of the constructal elements for the
base fluid case. This means that for a nanoparticle fraction in a fluid
base, the size of the branched network is smaller, and shows a
lower thermal resistance than the case of the base fluid, defined
by a value of volumetric fraction of / ¼ 0:0.

The average Nusselt number versus Peclet number for a
branched network is shown in Fig. 10. For a nanofluid with volu-
metric fraction of / ¼ 0:04 the values of the dimensionless Nusselt
number are smaller than the corresponding values for a fluid base
case. For the second level of ramification average Nusselt numbers
tends to decrease.

The thermal resistance of each level of ramification for both val-
ues of volumetric fraction can be seen in Fig. 11. The first construc-
tion corresponds to the case of a single pipe of diameter D0 with a
flow of a nanofluid from the periphery to the centre. For a first
ramification we consider two pipes of diameter D1 and a single
pipe of diameter D0. The thermal resistances of the branched pipes
can be considered as electrical resistances, in series and in parallel,
and the equivalent resistance can be calculated considering the
Fig. 9. Aspect ratio versus thermal resistance for values of volumetric fraction (a) / ¼ 0:0 and (b) / ¼ 0:04.
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electrical analogy (Kou et al., 2009). This procedure is applied for
the case of two levels of ramification. In Fig. 11, the equivalent
thermal resistances show higher values of the equivalent thermal
resistances for two levels of ramification in comparison to a
single pipe.

6. Concluding remarks

In the present work, we developed the expressions for a pipe
network in a solar collector with a nanofluid as a work fluid. For
volumetric concentrations of 0.04, the size of the constructal ele-
ments are smaller in comparison to a volumetric fraction equal
to zero; this allows for the design of smaller networks. The
methodology proposed by the constructal theory is a tool for
designing networks in function of the physical and geometrical ele-
ments, which cover a large area in a given volume. The heat gained
by the nanofluid can be transmitted through heat exchangers for
later use.

Network modelling of dendritic geometry by the constructal
theory presents a challenge, with the problem of determining an
optimal point where the hydraulic and thermal resistances are
minimal, and considering the characteristics of the nanofluid as
the factor of friction or viscosity.
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